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Inequalities*

8.1 Linear Inequalities

The inequality 'x is greates than y°, written x > y.isdefined tomeanx — y s
positive. In a similar way, ‘x is less than ¥, written x < y, means x — y s
negative, '

E>p)e(z-y>0).
<y S a~-y<).

If x is greater than or equal to y, then we write x ¥ with a similar notation,
x &y, for x less than or equal to y,

The basic rules for manipulating inequalities are:
(1) The same number may be added to both sides of an inequality, so that

>NSx+a>y+a)

{2) The same number may be subiracted from both sides of an inequality, so
that

>y (x-b>yp-4)

(3) U both sides of an inequality are multiplied by a posifive number, the
inequality is preserved.

(x>yanda>0) > (ar > ay).

(4) I bath sides of an inequality are multiplied by a negative number the
inequality is revered. )

(x> yand b <0} > (bx < by).

(5) The corresponding sides of inequalities of the same kind may be added
(but not subtracted).

(a>bandx>y)$(a+:>b+y).
(6) Inequalities of the same type are transitive.
(x>yandy>2) > (x> ).

*Throughout this chapter all variables are seal {i.e. € R).
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Example 4 Giventhat a > b, what can be said about the relation between o?
and b7

We need to consider three separate cases depending on the signs of a and b,
{a} a, b both positive.

(a > &) > (a* > ab), muliplying by a,
{a > b) = (ab > b*), muliiplying by b.

Combining these, we have
(@ > ab and ab > bY) > (& > bY).
(b) a, b both negative,

{0 > b) > (a* < ab), multiplying by a, which is negative,
{a > b} > (ab < b%), multiplying by b, which is negative.

Combining these, we have

(0 < ab < b)) > (a® < bY).

(c) Nothing can be said in the case when a is positive and b is negative. For
example,

4> ~2and 4 > (-2
but
4> -6 and 4t < (-6,

.

o5 e b¥ g2’ il ¢ a2l ca>D o500 S1F g
fouis
8 lgudhe ey 3 S Sl o Sl s s Sl e
oS M by
Ausb S g abosa ()
(@a>b)y=@" >ab) apibosl
@a>b)=>(ab>b" b bno,st
pals el day 33 S5 b
(a¥ >ab ,ab>b") = (a¥ > b")
il g 3> 2D 93 (o)
W ghle (50 4578 3 b 9> o b
(a >b)=(a'< ab)
it (50 D b 5o e b
(a > b) = (ab < bY)
Nl ooty Bl ) ) S5
(aT<ab<b") = (a'<bY)
g ond iy M by oia € A 5 ()
e Ol g 4 850
P> =Y ,sF" > (-Y)
W

£>—1 3F < (-1)F

AR 1]

Example ! Given that x > y, show that x + a > y + a.

By definition (z > y) & (x — y is positive).
Wemay writex -y = (x + a) — (y + a).

fx +a) - (y + )] is positive > (x + 2 > y + a)
Hence,

> eo@x+a>y+a).

X+ 2>y +a Ll (X>Y 865 Sl
e Pt >N ® XY > ) Sl eyl
X—y=(x+a)—(y+a)
=>(x+a)—-(y+a)>.®x+a>y+a

il
x>y)ye®Ex+a>y+a)

Example 2 Given that x > y and b < 0, show that bx < by.

As above, (x > y) ¢> (x ~ y is positive).
Since b < 0, b(x - y) is negative. But b{x — y) = bx - by. Hence,

{bx - by is negative} < (bx < by).

Jbx<by was plai i b<o x>y U8 6 5. Jls
r__jlau..:(x>y) “(XxX—y>o)
s B gite el 5 s b{x — ¥) (ub< o Syl
b(x — y) = bx — by <. <« bx <by

Exampie 3 Giventhatx > yanda > b, show thata + x> b + y.

(x > y) & (x = y is positive).
(@ > b) <> (a — b is positive).

Hence,

[(x = ¥} + (a — b} is positive]
= [(x + a) - (¥ + b) is positive].
D@x+a>y+ b

A+ X > b+ xampltica>b yx>y a8 o 5V s
(x>y) > x -y >-)
(@a>b)=> (a~b>.)

conlale
x-y+@-b>-
>(x+a)-(F+b)>>(x+a)>(y+Db)
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6.2 Quadratic inaqualities

Aninequality of the form ax? + bx + ¢ = {0, where a 2 0, iscalled a quadratic
inequality. The solution depends on the sign of the discriminant (5% - dac).
() I &% = dac, then:

ax? + bx + ¢ = 0 for all values of x when 2 > 0,

and
ax? + by + ¢ < 0 for all values of x when a < 0.

These results follow from the work of chapter 3.

pas s Sle gyt .Y
ta# oyl pSaA +bx+cz e Kol p
s gl A g o 38 o 0l 093 43 L 0SS
3 (B = FaC) im o e e @
1y g ol obY< Fac S1(y)
‘ool ca> 0 & o X lis 2 sl
ax"+bx+c= .
ipel 05l gen (2<o S b aX i p sty s
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Example 5 Find the se1 of values of x for which 2x + 2 > 6.
(Z+2>6>(U>6-2=4), subtracting 2 from each side,
= x > 2, multiplying each side by ).

The required set is

{e:x > 2).

SAL T Gl & 6 ol X 55 1) 5 5l G yama D Yo

(J:Sua:n_h |)L§J:1J:Ug:)}£-3$w)~ul!)|jj Yx+ Y>3

b N G Laokpo,s
(fX+y>1) = (X>1—-Y=¥), = x>Y

{XX>Y}J|..:-.-|CJJLGU|P :"J"" U‘llJ’L‘

Example 6 Find the set of values of x for which
3+ 4x
—_
X

{a) When x > 0,

(3—2'E<3);‘>(3+4x<3x)

F@Er-<-3(x<-3).

As this contradicts the condition x > 0, the required set
tive values.

(b) When x < 0,

cannot contain posi-

(3“;4‘.:3):(3””3:),

since multiplying by a negative number reverses the inequality,

B> (x> -3
Hence, the required set is
{x: =3 <r<0).

), TS

(X>o &5 gy (i)
¥+ ¥Fx
( X

F(FX-YX<-¥)>x< —¥

<Y)= (Y + X< 1)

:s,e:‘._oj.zﬂu.aﬂ:’g-g_luéjuxz‘o .L}.:LCJI,‘JJJJAY
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