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EXAMPLE 22. Let G.m{ 27 [r=0,1,2,..., n—l} be the
2=l
group of nth roots of unity. Let a=e 7, then a € G. Since for aoy
Zd oy,
integerr,e® =\ 7 ) =g, every element of Gis a power of a.
Hence G, is a cyclic group generated by a.
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EWPLB 23. The additive growp Z is a cyclic group generated
by 1,sipce 1 € Z and for every integer n, we have n=n 1.
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v Theorem 2.33. Order of a cyclic group is equal to the order of
i1s generator, ’
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Definition 2.31, Order of an element :

Let Gbeagroupand let a € &. Then ais said to be of finite
order n, if n is the least positive integer such that a®=e¢, the identity
of G.

If for no positive integer k, a*=e, then 2 is said to . be of infinite
order.

The symbol o(e) shall denote the order of a.
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Defigition 2,32, Cyclic Subgroup: A group G is said tobea
cyclic group if there exists an clement & € G, such that every element
of G is a power of . Then b is called & generator of G and we
denote G by < b >,

If 1the composition in G were denoted additively then we could
say that G is a cyclic group if there exists an element g of G such
that every element of G is of the form Aa where # is an integer,
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(0(a)|o(G)=n|N»N=nm)N = nm ¢ Y.v¥ iii;b
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Phcorem 1.36. In a growp G, following kold :

(1) For any two elements a, x € G, o(@Vmoix~1ax).

Q) If for amy a € G, ola) is finlie; then for any imteger m, a*me
implies o'a) | m.

(3) For amy two elements a, b € G, olab)=o(ba).

(9 If o{a)=n and a positive integer k | n, then

n
o(a‘)-—’;-.

Gt 5 5La0 [5G Wil 09 8K 4o . Y PF Lii

o(a) = o(x™Yax) ca yx 2 G D gas 53 53ty (V)

g g 3 LN e 0(2) ¢ A EG 8y SV(Y)
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.o(ab) = o(ba) b sa s\ G 3 gac 33 p G\, (V)

;\;\;n koo \.".q..;.nj F..a&).&;’O(ﬂ) =n ;\ (F)
-o(ak) = %\l—uy& ot (k| n) x5

Froof : (1) Let n be any positive integer
=¢ & x"la"xazxlex=¢ @ (x lax)"=e,
since (x-lax)*=x"1la"x,
Consequently o(a) =o(x"tax).
(2) Let o(a)=n and lct m be any integer such that a™=e.

Ll (plands 5 e s e 1 750 5 (1) O
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a"=eex a"x=xlex=¢e® xlax)" = e
{35t ol g o el inda) (x7 Yax)? = x 7 Yax 1,
.0(a) = o(x™ax) (24 ) i 5 b
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Now ket G > any group and a € G, Let Hmia® | n s any
positive integer).  Consider sny two cloments xwa®, y=e in H. We
find hat yylmea'==g* € N This implics thst H s
subgroup of G. Clearly Hizs a cyclic group gescrated byas. This
subgroup is called a cyclic subgrowp of G gemernied by sand we
write He < g >,
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Theorem 2.34. If G is a finite group then order of any element of
G divides the order of G.
“ Proof: Let G be a finite group anda € G, Let H= < a = be
the cyclic subgroup of G generated by 2

Then o{H)=o{a) (Theorem 2.33).

By Lagrange's thzorem of H) | o(G). Hence o(a) | o{G). B

ol g0 22l ol 09, S K G ST Y PF i
LS s 3LE [y 6 4 jun G )l gisnt po &yt Sy g
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LYY Las)o(H) = 0(8) & jgw o) s

ot o(H) | o(G) W51, 8 faas 5k 35
m.0(a) | o(G)

Corollary 2.35. If G is a finite group then for any a € G
o{G)

a =#e.
Proof : Let o{a)=n and o{G)=N.
Because of Theorem 2.3 , N=nm for some positive integer m.
Then a¥={(a"}™=e®=¢.
Heunce the corotlary.
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{#) i*=1 but for no positive integer m < 4
i*=], This means o{f)=4. Trivially 4 | o(G).

(i)} Now (—1)3=1 and (— 1)'-7'-'1 This implies o{ —1)=2
Clearly o(—1) | o(G). . .

(iii} Since 1=i%, —1 =2, —i=j%, i=I we see that & is a cyclic
group gencrated by /., Notice that & is also generated by —i But —1
or 1 do not generate G.
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Now by Euclid's algoritbm mi=ng4 r for some integers ¢ and r
withD < r < n,

Then e =a=(a")%" = ¢%a" =ca"=0d".

But n is the least positive integer such that a®=eand r < n.

Hence r=0 and so.m=ngie., o{la)y=n | m. This proves (2).

(3) Since ab=b"1(ba)b, o{ab)=o(ba) by part (1).

(4) follows from (2).M -
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EXAMPEE 24. Consider the group G={I, —

, & —i} where
i=v =1, Now o(G) =4
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