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Example 7 Reduce the following surd expressions to their simplest form:
(@) W18, (b) 2v2(v32 + V2), (e} (V5 + 1)(3VS + 2),
(d) V20 + V45 — V8O + V5.

{a) V18 = V(9 x 2) = Pv2 = V2.

(b} 2V2(VI2 + V2) = 2V2{aV2 + V) = 2V2(5V2) = 20.

() 2V5 + I35 +2) =6 x5+ TS +2 =32 + 1S5

(d) V20 V45 ~ VB + V5 = 2v5 + 3V5 - 4V5 + VS = 2V/s.
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() (Wo+)(r{ o+
{2) '\J Y. +‘\I TO—J Ao +'\I_O

@I R = (xn =2 T = {7

o) WYN T+ Y) = WY (t{Y+4T)
Wy =r.

(@ ("o ("ﬁ +Y)=9x0+ vy 0

£Y=Yravyo

,'..:_.)'d Y +'\jf0—‘d/\°+

-+ o=

° :Yﬁ.f "o (vx)x (WF) =V [2= il s3]

Surds

Certain numbers of the set of numbers defined by Vx, forx € Z*, have exact
numerical values, e.g. V1, V4, V9, V16, V25, ..... Other numbers of the
set, e.g. V2, V3, V5, cannot be written as numerically exact quantities, and
it is frequently mose convenient 10 leave them in their basic Vx form. As
such, these numbers are called surds, and expressions involving them are
called surd expressions. 1t is desirable 10 write such expressions in their
simplest form. The examples below indicate how one should proceed. Two
basic rutes, derived from the rules of indices, are employed:

(Vx) % (Vy) = V(xy) [from x'?y'? = (xp)"?f,
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Logarithms

‘The term ‘logarithm’ is an afternative word for an index or power of a given
positive number base. For example, since 2* = 8, we define the index 3 to be
the logarithm of 8 to the base 2 and wnite

3 = log, 8.
Further, using the rule of negative indices, ()™ = 9 and we may write
login 9 = =2

The base of a logarithm may be any positive number. The tables of
commoen logarithms, which are sometimes used for calculations, have base
10. It is usual, when using common logarithms, 1o omit the base 10, and write
log or tg. In general,

at =y x=logy.
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Example8 We remove the surds from the denominator in the following sutd
expressions (this process is called rationalising the denominator):

222 V2

Lol D2 V2
VIE W2 3.2 3
1
(k) V-1
We make use here of the identity
(x = yx + y) = x? = yP
Multiplying numerator and denominator by V2 + 1, we obtain

1 V2+l _ V24l
Goivas1T o1 o Vitl

V3 3 (5 + V) - /15 + 2.3

© sV~ Vs - VA Vs s V)~ 203
415 + 6
T

V3 V3
WA * Bt
Rationalising each term, we obtain ,

VIV3I+ 1) . VIVi- 1) =3+\/3+3-\/3=J

(V3i-1{V3+1) (V3i+1V3-1) 2 2 §
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Example 11 Express in index form (a) logs 125 = 3, (b) log,e 100 = 2,

() logr 6 =1 (d)log, 1 =0, () log, y = z.

(a) logs 125 = 3 = §* = 125,
(b} log,g 100 = 2 2 107 = 100. -
(<) logas 6 = 1 > 362 = 4.
diog,1 =0>ad"=1.

(e)log. y =23 %" =y.

1Y Jbe
s U oled JQ o, lgals)
*n \
(anlog g“’ =¥ ()og : =Y (s log \;'9 =3

wnlog e =r = 0" = o
oy logl =1 > T =
() log & =$ > (1’3;)\/T —#
(o) logg = - >a® =

() ‘08§:=.z- => x? =y
nllh‘;flﬂgarhhms

(1) Addition of logarithms

Itlog, x =mandlog,y = n, thenx = g™, y = a"
and : -

Sy =gt K& =g
2 log{xy) = m + n.

Example 9 Express in logarithmic form () 5° = 25, (b) 2° = 32, (c) 6" = 1,
(@) ()7*'= 125, () 1072 = 001

(a) 57 = 25 > 2 = logs 25.
by 22 =323 5 = log, 32.
() 6°=130=1log 1.
() ()" =125 > -3 = logs 125.
(e) 1072 = §-01 = ~2 = logyo 0-01.
. 1
fns Ol gt BT S 4 (1 e alS)
(NBT= T, (LI Y, (L= \,.(o)(-})"'= VY8,
(G)Ve T = afor

(o’ = Yo > log}® = ¥
() Y =rr10gt =0

o \

v \ _
() (%) =1Y0 > log \"® =¥

5
(@) V= ferv o Y =

Example 10 Evaluate (a} log, 64, {b)-logye 0-001, (c) log)p 4.

(8} Let x = log, 64 D 4" = 64 = 4.
Comparing indices gives x = 3.

(b) Let y = logo 0-001, S 10¥ = 0-001 = 1072
Therefore,

y=-3

(©) Letz =logip 4 > ()" =4 =22 = (§)~2
Therefore,

7= -2,

(y log £¥

() o 5 52108 F=xs> F=sf=¥
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S1e Stact jt 4,63 (1)
P = (@™P = oM
ol
log# = mp =plogg
cu

log? =p log§

D G Sluo it (F)
loght=m=>a™=x

m
a

logi = Iogb( ) =m logj}

== | log} = (logg) x (logy)

i.e. to change the base of a logarithm of x from a to b'we multiply by log, a.
If in this result we replace x by a, we get

log, a = (log, a) x {log, a).
Dividing by logs a, given that this is non-zero,
>1=log a,
and, if x = b,

log, b m 1 = (log, b) x (log, &).

J)lJOTb bﬂdL“‘Jix“;‘.J@dL“‘xz‘JL‘b—“u“:
P
S o log},

el oS S AL, Gl S ol 3 o

ok
b 1 3

logy = logg x log§
el oo Callos S7NOBY b b il

= logd =
%6 a :x=b;ir._9

log? = V= (log§) x (logp)

Therefore,

log(xy) = log, x + log, y.

(2) Subtraction of logarithms
Similarly,

x _a -n
yTFESY
Hence,
x
103,(7) = log, x ~ log, y.

{3 Lagarithm of powers of numbers

¥ m(q")P = g™,
Hence,

log, ¥ = mp = p log, x.
Therefore,

log, 2* = p log, x.
'
(4) Change of base of 8 logarithm

log, x m m = d™=1r
logs x = logs(¢™) = m log, a
= log, x = {log, x) x (log, a),

goss )T eled

goss 583 o> (1)
Syl log d =n logg =m )5

sy=a"x=a"

w=a"xat=a"*" > logl) =m+n

ol
log§?) = log % + log,
o )& 3 & (v,
. Dl eaal - alta b (YU )1 5 4 e gL)
'E = -.a—.- — am -n
y a"
Dol

log () = logh - log)




Example 13 Using only the rules of logarithms, find the value of
logy 125 x logs 9.

logs 125 X logs ¥ = logy 5°  logs 3¢
=3 log; 5 x 2 logs 3 = 6{log, 5)(togs 3}
=6logs 5 =6

Wtk
10g 2™ X 1083 uie gz /) a1 5 03lizull, i

bt
log 1vo xlogg =]0g$r X log‘(;‘r = rlogﬁx Ylogg
= #({log®) (log }) = $log§ =

1.3 The logarithmic and sxponential functions

In calcutus logarithms to a particular base are used. The logarithms are called
natural logarithms and the base is denoted by e. The number e = 2-718281 8
and is defined as that base for- which the function log. x has unit gradient at
x = 1, The standard notation is

log, x = In x.

The function !n x has domain R* and is calted the fogarithmic function. The
range of In r is R. Its inverse function is known as the axponensial function,
exp z, which is denoted by e°. The domain of the exponential function is R
and its range is R*. To summarise,

y=hxsx=¢

The graphs of y = e* and y = In x are given in Fig. 1.5, Note that, since &°
and In x are inverse functions, their graphs are mirror images of each other in
the line y = x {shown dotted).
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Example 12 Simplify
(a) 4log, 2 + 2 log, 3,

15 5 16
(b) foglg(a) -2 Iogm(s-) + lOglo(?),
(c) 3log,x + 2log, y — log, .

(a) 4log, 2 + 2 log, 3 = log, 2* + log, 3% by rule (3),
= log, 16 + log, 9 = log, 144 by rule (1).

) log.o(g) -2 log.o(%) + Ios'"(%ﬁ)

15 5 16
= 10810(3;) = 10810(33) + l'3810(;) by rule (3},

15_9 16
Iogm(“ x 5% g) by rules (1) and.(2),

-l3)

(c) 3log,x + 2 log, y — log, 2
= log, x* + log, y* - log, z by rule (3),
3,3

= log,("—z”- by rules (1} and (2).
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. Reductio Ad Absurdum
. Truth ‘Table

. Validity of Arguments

. Statements

. Tautologous

. Contradictory

. Conlingent

. Invalid

. Truth Values

[Y=T - TN B = R P

10. Simple Sialements
11. Premisscs
12. True
13. Conclusion
14. False
" 15. Inconsistent
16. Contradiclion
17. Antecedent
18. Consequent
19. Rules of Inference’
20. Pqirce's Law
21. Conditional
22. Disjunction
23. Drisjunct
24. Conjunction
25. Conjunct

Symbolic Logic
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